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Discovery of new particlesis notusuallyassociatedwith condensedmatterphysics,because,at
onelevel, we alreadyknow all theparticlesthatgo into theHamiltonian— namely, electronsand
ions. However, it is a mostprofoundandwonderfulfact of nature— indeedthevery reasonwhy
physicscanmake progressat many differentlevels— thatstronglyinteractingparticlesreorganize
themselvesto becomemoreweaklycoupledparticlesof a new kind. Oftenthesearesimplebound
statesof theold particles,but sometimesthey arefantasticallycomplicatedcollective objects(for
example,solitons),that nonethelessbehave aslegitimateparticleswith well definedcharge, spin,
statistics,andotherpropertieswe attributeto particles.

In fact,thesenew particlesarethetrueparticlesof thesystemin question,becauseit is concep-
tually sensibleto reserve thetitle “particle” for nearlyindependentobjects.Oncewehave identified
thetrueparticlesof asystem,phenomenathatwouldbeutterlymysterious,difficult, or impossibleto
understandin termsof theold particlesbecomesimplycomprehensibleaspropertiesof almostfree
particles.Thatis why condensedmattersystemsareoftendescribedin termsof phonons,magnons,
Landauquasiparticles,or Cooperpairs,ratherthanelectronsandions.

This articleconcernselectronsconfinedto two dimensions,asrealized,for example,at the in-
terfacebetweentwo semiconductors.In strongstrongtransversemagneticfieldsandat sufficiently
low temperatures,this systemexhibits absolutelymarvelousexperimentalpropertiesthat areen-
tirely unexpectedandinexplicablewhenit is viewedasacollectionof weaklyinteractingelectrons.

So,what arethe true particlesof this two-dimensionalelectronsystem?It happensthat elec-
tronseffectively “swallow” all or a substantialfraction of the externalmagneticfield, thustrans-
forming themselvesinto particlescalled“compositefermions.”1 � 2 Numerouspropertiesof compos-
ite fermionsandthe quantumfluids they form have beeninvestigatedover the last decade.Their
Fermisea,Shubnikov-deHaasoscillations,cyclotronorbitsandquantizedLandaulevelshavebeen
observed; their charge,spin,statistics,mass,magneticmoment,andthermopower have beenmea-
sured;andthey have beenbouncedaroundlike a billiard ball in mesoscopicexperiments3.

Thecompositefermionhasnot only helpedexplain andpredictdramaticphenomena,but also
motivateda zeroparametermicroscopictheorythat is practicallyexact. It will be impossible,in
this limited space,to do justiceto thevastandgrowing bodyof work in thefield. Sothisarticlewill
concentrateonly onsomeof themostbasicfacts,pointingtheinterestedreaderto review articlesor
themostrecentpapersfor furtherinformation.

Basic concepts
In thepresenceof a magneticfield B transverseto a two-dimensionalsystemof electrons,the

kinetic energy of an electronis quantizedinto discretelevels, calledLandaulevels (Fig. 1). The
degeneracy of eachLandaulevel per unit area— that is to say, its maximumpopulationper unit
area— is

�
B
�����

0, where
�

0 � hc
�
e is theelementaryquantumof magneticflux. This degeneracy

impliesthat thenumberof occupiedLandaulevels,calledthefilling factor, is �	��
 � 0
���

B
�
, where
 is thetwo-dimensionaldensityof electrons.

In a sufficiently strongmagneticfield, when ��
 1, all electronscanbe accommodatedin the
lowest Landaulevel, and to good approximation,one can neglect any mixing betweenLandau
levels.Thekineticenergy is thenanirrelevantconstantandtheHamiltonianis simply givenby the
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Coulombpotentialof theelectronassemblage:
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2
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e2�
r j � rk

��� (1)

The ultimate goal of theory is to solve the Schr̈odingerequation
���� ��� � , as a function of �

in the Hilbert spaceof the lowest Landaulevel states. Consideringthat we are dealingwith a
macroscopicsystemof interactingelectrons,it shouldnot comeasa surprisethatwe do not know
the exact solution. To make mattersworse,the standardapproximateperturbative strategies are
doomedby theabsenceof any smallparameter, the interactionenergy beingtheonly energy scale
in theproblem.Nonetheless,a trail of experimentalclueshasguidedusto wave functionsthatare
accurateandfaithful representationsof theexacteigenstates.

Thesewavefunctionsrevealthesimplephysicsof theproblem,namelytheformationof thecom-
positefermion. Thecompositefermionwasoriginally introducedin 1989to explain thefractional
quantumHall effect, discoveredin 1982by DanielTsui, HorstStormer, andArthur Gossard.But
subsequentwork hasshown thatit describesasuperstructurethatencompassesotherphenomenaas
well.

Thequickestway to introducethecompositefermion is throughthe following seriesof steps,
which I will call the “Bohr theory” of compositefermion becauseit obtainssomeof theessential
resultswith the help of an oversimplifiedbut usefulpicture. (If questionsoccurto you aswe go
along,pleasebepatient... somemaybeansweredin theparagraphsthatdescribethemicroscopic
Schr̈odingerwavefunctions.)Theoutcomeis thatstronglyinteractingelectronsin astrongmagnetic
field B transforminto weakly interactingcompositefermionsin a weaker magneticfield B� given
by

B� � B � 2p
 � 0 (2)

where2p is aneveninteger. Equivalently, onecansaythatelectronsat filling factor � convert into
compositefermionswith filling factor ��� � 
 � 0

���
B� � , givenby

�	� ���
2p� ��� 1

� (3)

Theminussigncorrespondsto situationswhenB� pointsantiparallelto B.
Startby consideringinteractingelectronsin thetransversemagneticfield B. Now attachto each

electronaninfinitely thin, masslessmagneticsolenoidcarrying2p flux quantapointingantiparallel
to B, turningit into acompositefermion.Thecompositefermionhereis modeledastheboundstate
of anelectronand2p flux quanta.Sucha conversionpreservestheminussignassociatedwith an
exchangeof two particles,becausetheboundstateof anelectronandanevennumberof flux quanta
itself is a fermion. Hencethe name. It also leaves the Aharonov-Bohm phasefactorsassociated
with all closedpathsunchanged,becausethe additionalphasefactordue to a flux

� � 2p
�

0 is
e2� i  �!" 0 � 1. In otherwords,the attachedadditionalflux is unobservable,andthe new problem
formulatedin termsof compositefermionsis identicalto theonewith whichwe began.

What have we gained?Well, a “mean-fieldapproximation”now suggestsitself in which the
new attachedfield is smearedto produceanadditionaluniform magneticfield � 2p
 � 0. With that
addition,we getthenetmagneticfield B� of Eq.(2). Theneteffect, in asense,is thateachelectron
hasabsorbed2p flux quantafrom theexternalfield to becomeacompositefermion,thatexperiences
only theresidualmagneticfield B� (Fig 2).

The crucial point is this. The many-particle groundstateof electronsat �#
 1 was highly
degeneratein the absenceof interaction,with all lowest Landaulevel configurationshaving the
sameenergy. But now, thedegeneracy of thecompositefermiongroundstateat thecorresponding
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Figure 1. Evolution of a two-dimensionalelectronsystemasthe transversemagneticfield B is increased.
For independentelectrons,theFermi sea(A) (filled to Fermi energy 2 F ) at B 3 0 splits into Landaulevels
(B) separatedby the cyclotron energy. The lowestelectronicLandaulevel (C) is split by interactionsinto
energy levelsof compositefermions,with attachedflux quanta,which fill a composite-fermionFermiseaat4 3 15 2 (D) andoccupy composite-fermionLandaulevels(E) at otherfilling factors.A jump out of sucha
level (F) createsanexciton,a neutralparticle-holeexcitation. 2�6F and 7h8&6c arethecomposite-fermionFermi
andcyclotron energies,respectively. At still higherfields, this scenario(D-F) repeatsitself, but now with
compositefermionscarryingfour or moreflux quanta.
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Figure 2. Capturingtwo flux quantatransformseachelectroninto a compositefermionthatexperiences,in
effect,a reducedresidualmagneticfield.

���:9 1 is drasticallysmaller, evenwhentheinteractionbetweencompositefermionsis switchedoff.
For integral valuesof � � , in fact,onegetsanon-degenerategroundstate.

Thereduceddegeneracy suggeststhat it shouldbea goodstartingpoint to treatthecomposite
fermionsasindependent.In this approximationthe compositefermionsfill a composite-fermion
FermiseawhenB� vanishes( �;� 1

�
2p), andform composite-fermionLandaulevelswhenit does

not. All thisaction,of course,takesplaceinsidethelowestelectronic Landaulevel (Fig 1).
Having identifiedinteractingelectronsat filling factor � with independentcompositefermions

at ��� , we write the(unnormalized)microscopicwave functionsfor interactingelectronsat a given� as: �=< �?>
j @ k

A
zj � zk B 2p C <ED (4)

wherezj � x j � iy j denotesthepositionof the jth electronasa complex number, and C <ED arethe
theknown Slater-determinantwave functionsof non-interactingelectronsat thecorresponding� � .
For simplicity, we have assumedthat theelectronpopulationis fully polarized,andsuppressedthe
spinpartof thewave function.

Thewave functions
�F<

, which turnout to beanextremelyaccurateapproximationof theactual
electroneigenstates,give a precisemeaningto theintuitive physicsof the“Bohr” description.The
factor G j @ k

A
zj � zk B 2p tells us that eachelectronsees2p vorticesat every otherelectron. That is

to say, asthe jth electronexecutesa closedpatharoundthekth, it generatesa phaseof magnitude
2p H 2I . By definition,aclosedloop arounda unit vortex generatesaphaseof 2I . ThusthefactorG j @ k

A
zj � zk B 2p attaches2p vorticesto eachelectronin C < D .

Sowe seethat theflux quantaof our “Bohr theory” in fact representthemicroscopicvortices
of the many-particlewave function, and the compositefermion is actually the boundstateof an
electronand2p quantumvortices. A flux quantumis topologicallysimilar to avortex, in thatit also
producesan Aharonov Bohmphaseof 2I for a closedpatharoundit. Thereforeit is oftenuseful
to modelthevorticesasflux quantaandenvision thecompositefermionasanelectroncarrying2p
flux quanta.

How dothevorticescancelpartof theexternalB? Considerapathin whichoneparticleexecutes
acounter-clockwiseloop enclosinganareaA, with theotherparticlesheldfixed.Equatingthesum
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of theAharonov-Bohmphase2I BA
���

0 andthephase� 2I 2p
 A comingfrom the2p
 A encircled
vorticesto aneffective Aharonov-Bohm phase2I B� A��� 0, we get thenew field B� of Eq. (2). Of
course,amagnetometerwill still measuresimplyB. But, asfarasacompositefermionis concerned,
B� is therealfield, asdemonstratedby experimentsto bediscussedbelow.

The form of the wavefunction
�

givesan insight into why the repulsive interactionbetween
electronsmightforcevorticesontothem.Thewavefunctionisveryeffectivein keepingtheelectrons
apart.Theprobability that two electronsin

�
will comewithin a distancer of eachothervanishes

asr2 J 2pK 1L . Contrastthatwith the r2 vanishingfor a typical statesatisfyingthePauli principle. In
essence,electronstransmuteinto compositefermionsby capturing2p vorticesbecausethis is how
they bestscreentherepulsive Coulombinteraction.Theinteractionbetweencompositefermionsis
weakbecausemostof theCoulombinteractionhasbeenscreenedout,or usedup, in makingthem.

Equations(2), (3), and(4) arethemasterequationsdescribingthequantumfluid of composite
fermions.Sincethefirst two arethesameandcanbederivedfrom thethird, everythingultimately
stemsfrom asingleequation.Thequantumnumbersof compositefermionfollow straightforwardly
from theobservationthateachoneis producedby asingleelectron.It hasthesamechargeandspin
astheelectron,andit is alsoa fermion.

Seeing composite fermions
Thecrucial,non-perturbative respectin whichcompositefermionsdistinguishthemselvesfrom

electronsis that they experiencean effective magneticfield, B� , that is drasticallydifferent from
theexternalmagneticfield. Theeffective magneticfield is socentral,direct,anddramatica conse-
quenceof theformationof compositefermionsthatits observation is tantamountto anobservation
of thecompositefermionitself.

At �M
 1, theexperimentsclearlyreveal thedynamicsof compositefermionsin B� ratherthan
electronssubjectto B. The most compellingexperimentalevidencefor the compositefermion
comessimply from plotting thehigh-B magnetoresistanceasa functionof ���ON 1, which is propor-
tional to B� , andnotingits striking similarity to themagnetoresistanceof electronsat low B (where
they areweakly interacting)plotted asa function of ��N 1, asshown in Fig. (3). This is a direct
evidencethat thestronglycorrelatedliquid of interactingelectronsat filling factor � behaveslike a
weaklyinteractinggasof compositefermionsat ��� .

The quantumHall effect is oneof the most fascinatingphenomenadisplayedby two dimen-
sionalelectronsin a magneticfield. Oneseesplateausof the Hall resistanceRH with quantized
valuesRH � h

�
f e2 centeredaround�P� f , where f is eitheraninteger( f � n) or asimplerational

fraction(Fig. 3). The integral quantumHall effect5 is understoodstraightforwardly in termsof in-
dependentelectronsasa consequenceof thequantizationof thesingleelectronenergy into Landau
levels,whichproducesanon-degeneratemany-particlegroundstatewhenever � is anintegern. The
analogousintegral quantumHall effect for compositefermionscorrespondsto �Q�,� n. Thesestates
occurat fractionalelectron filling factorsgivenby

�P� n
2pn � 1 R (5)

which (alongwith their holepartners1 � � ) turn out to bepreciselytheobserved‘magic’ fractions
at which the fractionalquantumHall effect is observed to be particularlyprominent. Thereis at
presentevidencefor morethan30 fractionalquantumHall states.Theequationdictatesonly odd-
denominatorfractions,which,with only oneexception,is whattheexperimentersfind.

ThefractionalquantumHall effect for electronsis thusanintegral quantumHall effectof com-
positefermions,in effectanobservationof composite-fermionLandaulevels.Thissimpleexplana-
tion of thefractionaleffect not only obtainsall observed fractionsin a singlestep,but alsounifies
thefractionalandtheintegral quantumHall effects.
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Figure 3. Comparingintegral andfractionalquantumHall regimes,top andbottompanels,respectively3 [ 4.
The thick curve in the top panelis theHall resistancewith quantumplateaus.The thin curvesareordinary
longitudinalresistivity with a dip, labeledby its electronfilling factor 4 , for eachplateau.Thefilling factor4 3 n 5�\ 2n ] 1̂ correspondsto a composite-fermionfilling factor 4`_ 3 n. Thusthetwo thin curves,despite
their verydifferentelectronfilling factorsareremarkablysimilar.

Theobservationof fractionalquantumHall effectservesasamacroscopicconfirmationof some
of thefundamentalpostulatesof quantummechanics.Theprinciplegoverningthesurprisingpreci-
sionof thequantizationof macroscopicHall resistanceis thesingle-valuednessof themicroscopic
many electronwavefunction,whichrequiresthatthevorticity of acompositefermion(theexponent
2p in Eq. 4) bepreciselyquantizedto bean integer. Theempiricalodddenominatorrule follows,
becausethe integer mustbeevenso that themany-particlewave functionhave theexchangeanti-
symmetryrequiredfor fermions.

RobertLaughlin’s original theoryof �;� 1
�aA

2p b 1B states5, a subsetof theobservedfractions,
falls naturallywithin the compositefermion theory. At � � � 1, putting into Eq. (4) the explicit
form of the non-interactingSlater-determinantwavefunction C <ED � 1 yields for the groundstateat
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�P� 1
�aA

2p b 1B �
1!OJ 2pK 1L �?>

j @ k

A
zj � zk B 2pK 1 exp c � 1

4

�
k

�
zk
� 2

l2
B

d
(6)

which is preciselythewave function formulatedby Laughlin in 1983to explain thefirst observed
fractionalquantumHall state( �P� 1

�
3). (Here,lB �fe ghc

�
eB is themagneticlength.)It represents

onefilled composite-fermionLandaulevel.
An earlyandinfluentialapproach,pioneeredby StevenGirvin andAllan MacDonald6 regards

theLaughlinwave functionasa bosecondensate,with therole of bosonplayedby theboundstate
of anelectronand2p b 1 flux quanta.

WhataboutthefractionalquantumHall effect’scelebratedfractionalcharge?It appearsaswhat
is called the “local charge” of an excited compositefermion, definedas the sum of its intrinsic
charge ( � e) and the charge of the screeningcloud (or the correlationhole) aroundit. Its value
at �h� n

�aA
2pn � 1B canbe obtainedfrom a simplecountingargumentto be � e

�aA
2pn � 1B . This

fractional charge is a manifestationof a quantizedscreeningby the quantumfluid of composite
fermions.

Do compositefermionshave a life outsidethe fractionalquantumHall effect? An important
applicationof theconceptconcernsthemetallicstateat �i� 1

�
2 whereno fractionalHall effect is

seen.If compositefermionsexist at thatfilling factor, they experienceno effective magneticfield
(B� � 0). Thusameanfield picturesuggestsaFermiseaof compositefermions.

In an influential theoreticalwork, BertrandHalperin,Patrick Lee, andNicholasReadargued
that many featuresof the Fermi surfaceof compositefermionssurvive whenfluctuationsbeyond
themean-fieldtheoryaretakeninto account7. At � valuesnear1/2, thecompositefermions,experi-
encingaveryweakmagneticfield,wouldexecuteclassicalcyclotronorbitsof radiusR� �jghkF

�
eB� ,

with theFermiwavevectorgivenby kF �lk 4Im
 for a fully polarizedFermiseain two dimensions.
R� is ordersof magnitudelarger thanany electroniclengthscaleappropriateto B. Experimentsby
threedifferentgroupsatBell LabsandStony Brook in 1993-94,andseveralexperimentssincethen,
have confirmedthatR� is indeedthecyclotron radiusof thecharge carriers3. Two of theseexper-
iment resultsareshown in Figs. (4) and(5). Fartheraway from �n� 1

�
2, thesemiclassicalorbits

of the quantumcomposite-fermionparticlesarequantizedto producecomposite-fermionLandau
levels,first exhibiting Shubnikov-deHaasoscillationsandthenthequantumHall effect.

The observation of compositefermionsin the gaplessregion around �h� 1
�
2, wherethereis

neitheraquantumHall effectnorany othersortof excitationgap,wasawatershedfor thecomposite
fermionconcept.It wasanexplicit demonstrationthat thecompositefermionis moregeneralthan
its manifestationin the fractionalquantumHall effect, which occurswhenpre-existing composite
fermionsform theirLandaulevels.Theobservationof thecompositefermion’sFermiseaexplicitly
verified its Fermistatistics,andthemeasurementof its cyclotronradiusconfirmedthat it carriesa
charge � e.

How aboutits spin? The spin degreeof freedomis frozen in strongmagneticfields at low
temperature,wherethe Zeemanenergy is large comparedto the interactionstrengthandthermal
agitation.But in relatively weakfields,severalspinpolarizationsbecomepossible.Thesedifferently
spin-polarizedstates,aswell astransitionsbetweenthemasafunctionof theZeemanenergy (which
can be varied without affecting the rest of the dynamicsby applicationof an additionalB field
parallel to the layer), have beenobserved, andthey arewell describedin termsof Landaulevels
of free,spin 1

�
2 compositefermions3 � 10. The compositefermion g factordeterminedfrom these

experimentsis closeto thatof theelectron.
For any particle,animportantquestionis: Whatis its mass?Thisquestionis asomewhatsubtle

onefor thecompositefermion,becauseits entiremassis generateddynamicallyfrom interactions.
Thereis, after all, no massparameterin the Hamiltonianof Eq. 1. The massis most straight-
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forwardly determinedby measuringthe excitation gap at a given filling of compositefermions,
andequatingit to the cyclotron energy of compositefermionsin theB� field3. But it canalsobe
deducedfrom an analysisof the temperaturedependenceof theShubnikov-de Haasoscillations3,
of spin transitionexperiments3, or by ascertainingat what Zeemanenergy thecomposite-fermion
Fermiseabecomesfully polarized10. For typical experimentalparameters,thecomposite-fermion
massesobtainedfrom thesevariousmethodsareon theorderof the freeelectronmass,andmuch
largerthanthebandmassin say, GaAs,but unrelatedto either.

The rich phenomenologyof the lowestLandaulevel liquid thusfollows succinctlyandcoher-
ently from thesingleprincipleof thecompositefermion,without eventheneedfor a microscopic
theory. But the simplicity of the explanationshouldnot obscurethe non-trivial natureof the un-
derlying physics: Eachstrongly interactingelectron,with no kinetic energy degreeof freedom,
captures2p quantummechanicalvorticesandis thusmagicallytransformedinto anearlyfree,mas-
sive compositefermion. This compositefermionexperiencesa magneticfield drasticallydifferent
from theexternalone,andits kineticenergy manifestsitself throughaFermiseaandLandaulevels.

Computer experiments
Fortunately, onecandiagonalizetheHamiltonianof Eq. (1) numericallyfor a finite system,to

obtaintheexacteigenfunctionsandeigenenergies. Thatprovidesfurtheropportunityfor rigorous,
unbiased,anddetailedtestingof the compositefermion theory. Sometypical energy spectraare
shown in Fig. (6). All structurein thesespectrais aconsequenceof theCoulombinteraction,in the
absenceof whichall lowestLandaulevel stateswouldbestrictly degenerate.

The centralpredictionof the compositefermion theory is that the low-energy physicsof in-
teractingelectronsin an externalmagneticfield B resemblesthat of nearly independentcompos-
ite fermionsin the residualfield B� . This predictionhasbeenextensively confirmedin computer
experiments,which establisha one-to-onecorrespondencebetweenthe quantumnumbersof the
low-energy statesof thetwo systems.

In particular, oneexpectsa gapat filling factorvalues �n� n
�aA

2pn � 1 B , which correspondto� � � n. Sureenough,at thosevaluestheCoulombinteractionremovesheretheenormousdegener-
acy of thenon-interactingelectronsystemto producea non-degenerategroundstate,asillustrated
in Fig. (6). The groundstate,circled in eachpanel,representsn filled Landaulevels of compos-
ite fermions.Theexcitedstates,wheredashesanddotscoincide,areto be interpretedasdifferent
configurationsof thecomposite-fermionexciton (Fig. 1F).

Besidesgiving the quantumnumbersof the low-energy states,the compositefermion theory
alsoyields their wave functions,

�
, which arenow to beprojectedinto the lowestelectronicLan-

daulevel, asappropriatefor the large-B limit underconsideration.Extensive studieshave shown
that thesehave a nearlyperfectoverlapwith thecorrespondingexacteigenfunctions,andthat they
typically predicttheenergiesto within 0.1%or better. Somerepresentative resultsshown in Fig. (6)
andTableI.

To fully appreciatethesignificanceof thesecomparisons,oneshouldnotethat,for filled composite-
fermion Landaulevels or their excitons,

�
involve no adjustableparameterwhatsoever. Further-

more,theactualeigenstatesarelinear superpositionsof a large numberof distinct basisstates,as
indicatedby the towersof excitation levels in Fig. 6. That rulesout the possibility of accidental
agreement.It is rarethatsucha simple,zeroparametertheoryfor a stronglycorrelatedmany-body
statehassuchaccuracy andpredictive power. Thesecomparisonsalsodemonstratethat thewave
functions

�
gobeyondthesimplemeanfield picturethatmotivatedthem.They encodethephysics

of theresidualinteractionbetweencompositefermions.
Ana LopezandEduardoFradkinhave initiated anotherapproachfor dealingwith corrections

to the meanfield description,in termsof a Chern-Simonsfield theory. That approachhasbeen
developedfurtherby severalgroups.11� 7

A quantitative comparisonwith the laboratoryexperimentsrequiresa considerationof Landau
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level mixing, transversethicknessof theelectronwave function,anddisorder— all of which were
convenientlysetto zeroin thecomputerexperiments.Theserealitiesdo not affect thequalitative
physicsnor thequantizations,but they do introducevariousparameterswhich canonly behandled
approximately. After incorporatingsomeof theseeffects in variousapproximations,we find that
theoryandexperimenttypically agree,atpresent,within � 10� � 30� for theenergy of theneutral
composite-fermionexciton12 andspinrelatedphysics3 � 10, andwithin afactorof two for thecharged-
excitationgap.

Are there other phases?

Do thecompositefermionsexhibit any otherphases?If they werestrictly non-interacting,our
discussionof their quantum-HallandFermi-seaeffectswould be the endof the story. But there
is a residualinteractionbetweencompositefermions. By definition, it is whatever is left after
mostof theCoulombinteractionis usedup in giving thecompositefermionits mass.Theresidual

-0.45

-0.44

-0.43

-0.42

-0.41

-0.49

-0.48

-0.47

-0.46

-0.45

-0.44

0 3 6 9 12
-0.51

-0.50

-0.49

-0.48

-0.47

-0.46

0 3 6 9 12

N � 10���m� 1� 3 N � 8 ����� 1 � 3

N � 10���m� 2� 5 N � 8 ����� 2 � 5

N � 12����� 3� 7 N � 9 �E�m� 3 � 7

E
ne

rg
y

(e
2

� l B
)

OrbitalAngularMomentumL

Ground
State

Figure 6. A comparisonof exact eigenenergies(dashes)obtainedfrom numericaldiagonalization,against
theenergiespredictedby compositefermiontheorywith no adjustableparameters(dots),for thelow-energy
statesof a modelsystemfor N 3 8 to 12 interactingelectronson thesurfaceof a spherepiercedby a radial
magneticfield characterizedby filling factor 4 . L is thesystem’stotalorbitalangularmomentum(seealsothe
table).Thegroundstate(L 3 0) is circled.Thewell-definedbranchof low-lying excitedstates,decoratedwith
dots,representsthecomposite-fermionexciton in variouspossibleconfigurations.ThelB in theenergy unit is
themagneticlengthlB 3 e 7hc5 eB. Thetowersof excitedstatesextendwell beyondthefigure’shigh-energy
cutoffs. Adaptedfrom Ref.13.
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� N ground state excited state
compositefermion exact compositefermion exact

1
�
3 8 -0.4389 -0.4391 -0.4261 -0.4266

10 -0.4326 -0.4328 -0.4224 -0.4229
2
�
5 8 -0.4802 -0.4802 -0.4714 -0.4717

10 -0.4693 -0.4694 -0.4625 -0.4627
3
�
7 9 -0.4991 -0.4992 -0.4915 -0.4916

12 -0.4825 -0.4826 -0.4782 -0.4783

Table 1. The exact and the composite-fermionenergiesper particle for the groundstatesof the systems
in Fig (6). Also given are resultsfor that excited statewhich hasthe composite-fermionparticleand the
composite-fermionholemaximallyapart.Adaptedfrom 13.

interactionis oftenweakenoughto beneglected.Thatis whatwehavedoneabove. But it might, in
certaincircumstances,beresponsiblefor creatingfascinatingnew phases.After all, theinteraction
betweenelectrons— the fermionswe know best— generatesnumerousphases,for example,the
BCSsuperconductor, theWignercrystal,andBloch’s spontaneouslypolarizedFermiliquid. There
areindicationsthatall of thesephasesarefeasiblealsofor compositefermions.

At sufficiently small � ( � 1
�
9), thecomposite-fermionliquid becomesunstableagainstaspon-

taneousgenerationof excitons,makingway for theWignercrystal13� 14. In a rangeof filling factors
prior to this ( ��� 1

�
4), the compositefermion liquid is predictedto exhibit the Bloch instability,

namelyamagneticallyorderedbroken-symmetryphaseevenin theabsenceof Zeemancoupling15.
Another fascinatingstateis the BCS-like p-wave pairedstateof fully polarizedcomposite

fermions,increasinglybelieved to be the sourceof the fractionaleffect at ��� 5
�
2, the soleex-

ceptionto the odd-denominatorrule.16 Here,even thoughthe underlyinginteractionis purely re-
pulsive,acaptureof thevorticesduringthecreationof compositefermionspresumablyoverscreens
theCoulombinteraction,producingaweak,effectively attractiveinteractionbetweenthem.

Finally, mixedstatescontainingtwodifferentflavorsof compositefermions(with differentnum-
bersof attachedflux quanta)would alsoproducequantum-Hallfractionsother thanthe principal
fractionsof Eq. (5). Preliminaryevidencenow existsfor suchadditionalfractions.

It remainsto clarify thephysicsof thesenew phases,of theprecisenatureof theFermi liquid
at �	� 1

�
2p, andof therole of disorderin thesesystems.Anotherpoorly understoodissueis how,

asthetemperatureis raised,thecompositefermionsgraduallyionizeby sheddingtheirvorticesand
turnbackinto electrons.

Quantum particle
Eventhoughthecompositefermionbehaves,to agreatextent,likeanordinaryfermion,wemust

not forget that it is a mostunusualparticle. First of all, it is a truly collective, many-body entity.
The definition of a single compositefermion inherently involves all the particlesin the system.
Moreover, thecompositefermion is a quantumparticle. Of course,quantummechanicsdescribes
all particles,but it participatesin thevery definitionof a compositefermion,whosecreationis the
unionof anelectronandquantummechanicalphases(vortices).Thecompositefermioncouldnot
exist in a purely classicalworld. Furthermore,the orbits of compositefermionsarequantizedto
produceaquantumfluid of quantumparticles.

Amongtheremarkablefeaturesassociatedwith thephysicsof compositefermionsarethedy-
namicalgenerationof a masswheretherewasnoneto begin with, thequantum-mechanicalrenor-
malizationof the magneticfield, pairing from purely repulsive interactions,andfractionalcharge
generatedby thequantizationof screening.It is irresistibleto wonderwhichof theseconceptsfinds
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wider applicationsin nature.
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