Expanded Commentson The Tight-Binding M odel

Studenthave commentedhatthe bookracestoo quickly throughsomeof
the basicpartsof condensednatterphysts, giving generalderivationsbut
not establishig good mentalpictures. One exampleis the tight-binding
model,andl amgoingto try to fix the situationwith thesenotes.
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Figure 1. One—-dmensiaal tight—binding model. A sinde election sitsin awell
thatnearly holdsit captive, but allowsit to leak out into otherwells at someslow
rate.

Thetight-bindingmodelis illustratedin Figure1l. Startin onedimen-
sion,andthink of a metalasa collectionof potentialwells. The wells may
or may not all have the samedepth;the analysiswill be easiesivhenthey
areall the samedepth,andthe mostinterestigy whenthey arenot. In a
perfectcrystallinemetal,onethinksof all thewells having the samedepth,
or elsealternatingdepthin a crystallire pattern. Wells of randomdepth
correspondo a solidwith alot of defectsandrandomness it.

Figure 1 alsoshows an electron,which is trappedin one of the wells.
OK, that's not quite true. It is almosttrappedin one of the wells. When
onewritesatight-bindingmodel,theideais thatif therewerejustasingle
well sitting in isolatian, onecould solve the problemof the electronsitting
in thatwell, find its enegy, andfind the electronwave function. The blob
sitting overwell #4is thewave functionof anelectrontrappedn anisolated
well sitting at position#4.

It maybe helpful at this pointto solve thefollowing



Problemconcerningwells. Considerthe potential

0 if x<-a/2
Ux)=< -U if —a/2<x<a/2 . (1)
0 if x>a/2
Take U > 0. Solve Schibdingers equation
h? d2y
T~ +U (X)) = €, (2)

andfind thegroundstateenengy &o.

Questionsconcerning wells.  Here are someadditianal questionsyou
shouldthink aboutbeforeyou go on, eitherlooking backat a quantumme-
chanicgext if neededor elseworkingthingsoutfor yourself:

e For a potentialwell of the form in Eq. (1) is therealways a bound
state;thatis, a stateof negative enegy wherethe wave function dies
of exponentally away from thewell?

e Cantherebe morethanoneboundstate?
e Istherealwaysmorethanoneboundstate?
e Whathappensf U is positve ratherthannegative?

e Whatif the bottomof the well were not perfectlyflat, but hadsome
arbitrarybumpy shapeVould theresultsof the calculationchange?

e Whatif the problemwere posedin two dimensionsratherthan one
dimensim; the potentiallookslik e a pieceof paperwith adisccutout
of it, andanelectronis attractedo thediscwith potentialstrength—U.
Now whathappens?s therestill aboundstateWVhatis its enegy?

e Whatif theproblemwereposedn threedimensiois ratherthanoneor
two dimensios; the potental lookslik e a balloonfloatingin the mid-
dle of spaceandan electronis attractedo the balloonwith potential
strength—U. Now whathappens?s therestill aboundstateVhatis
its enegy?

e OK. Sosupposd’'m somesortof nano—technalgy pioneerandl take
abunchof atomsand| putthemin aline afew A apart,andl putone
electronontheline of atoms.Shouldl think of thatasa seriesof one—
dimensimal wells like theonein Eqg. (1), or shouldl think of thatasa
seriesof three—dimensinalwells?

e If | canmanipulateatoms whatwould | doto createone—dimensinal
wells, two—dimensionalwells, or three—dimensionatells?



Back to the tight—binding model. So, now it is possibé to comeback
to thatinnocent—lo&ing Figure1 andexplain whatit means.The electron
blob is the wave function of an electronbound statetrappedin a single
well. Thepotentialwells arenotreally indicatingthe heightsof potentials,
but areindicatingtheenepiesof electronboundstatesn thewells. Thatis,
the pictureis shaving £o andnotU. For this reasonthe picturecould be
describingthe resultof the nano—technologiss experimentwherea bunch
of three—dimensinal potentialwells have beenstucktogether

You shouldbe corvincedat this pointthatthereis plentyto think about
whenan electronfacesjust onewell, andit’s not trivial to put the electron
in contactwith aninfinite numberof wells. This bringsup the mainideaof
thetight-bindingmodel.

Supposéd know thebindingenepgy of anelectronin eachwell givento
me. Supposehe electronwave functionsfall off really fastaway from the
well, andby thetime thewave functionsgetto the next well, they aretiny.

Now I'm goingto make a bit of aleap,anddefinea collectionof quan-
tumstates|l), wherel is anintegerrangingfrom —oo to co. Whatarethese
states?Think of themascorrespondingo thewave functionof theelectron
boundstatein well numberl. Thatis fine just solong asyou do not think
too hardaboutit. Unfortunatelyif you do, you mayhave somequestions

Q: So,if |I) correspondso thewave functionof anelectronin well |, then
the differentstates|l) will not be orthogoral, andl amgoingto have
troublewith the formalismof quantummechanicsls it legal to work
with stategl) thatarenot orthogoral?

A: It is easiesto work with Dirac notationif the stategl) areorthogonal,
sothey areorthogonal.

Q: Thenstategl) arenotreallytheboundstatesn thewellsafterall. Then
whatarethey?

A: They arevery closeto the boundstatesn thewell, but they have been
madeorthogonalto oneanother

Q: Thanksfor thehelp.

A: No, really, thisis notsucha big deal. Therearemary differentwaysto
think aboutit. Oneway is to think backto your classon linear alge-
bra. You may have learnedaboutsomethingcalled Gramm-Schmidt
orthogonalzation,which seemedgarticularlyuselessatthetime. The
way it worksis sometling like this. You have wave functionsp(x),
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Y1(x), andy_1(x) thataretheboundstatesn isolatedwells —1, 0, and
1. Now you canmodify g by writing

Bo(x) = 00X~ ¥1(x) [ X (X )o(X) ~ -1 [ A 4 (X)o(x).

3)
Or, in Dirac notatim

|¢0) = |tho) — [¥1){¥a[bo) — [¥—1){¥-1|v0) (4)
Well, ¢o(X) isn’t evennormalizedary more.
Aren’t you goingto answemy question?
Thatwasnota questim. Thatwasa statemenit
Whatshouldl doto normalizegg?

do) = o) — [¥1) (¥alvbo) — [9p—1) (v—1[tbo) (5)

VI+[(1ld0) 2+ | (-1]o) 2

Q: Sohow doesall thishelpme?

Q:

It only helpsif the overlap integrals suchas (y1|10) are small. If
theseare of order10-2, thenthe correctionsneededo normalized
in Eq. (5) are of order10~4, which is why | didn’t even write them
down at first. Also, if (11|1g) is of order 10-2, one would expect
(1]vr_1) to beof order10~4, andoverlapsbetweermoredistantsites
to be smalleryet. Sothe differencebetweenpg andy is thatfor g
the overlapswith neighboriy wave functionswereof order10~2, but
afterl have donethesubtractionsn Eq.(5), theoverlapshave dropped
down to order 10~4. Checkit out by acting from the left with (¢o|,
(11|, and(y_1| andseewhatyou get.

The Gramm-Schmidalgorithmis a systenatic procedurefor making
ary collectionof vectorsorthogoral to oneanother Why areyoudoing
anapproximaterersionof thealgorithm,andmakingcommens about
overlapintegralsbeingsmall?

Diracis suppaedto have donethis onceduring a colloguium.



A: Becauséf theGramm-Schmidproceduras carriedoutwith wavefunc-
tionsthatlook like the wave functionsone expectsto arisefor bound
electronssitting in wells, thenat the end of the day, the resultirg or-
thogonalwave functionsshouldlook very muchlik e the wave func-
tionswith which onebegan,but with tiny corrections.For the correc-
tionsto betiny, theoverlapintegralshave to besmall.

Q: Thislookedasif it wasgoingto be simpleatfirst, andnow it’s gotten
messylsn’'t therea simplerway to go throughit?

A: Well, thatwastheideaof Section8.4(Tightly BoundElectronsp. 194),
which usesformal propertiesof Wannierfunctionsto try to avoid all
thesequestions.Somethim like a tunnelthrougha mountainof com-
plexity. But if you're a studentseeingit for the first time you sense
you're goingthroughatunnel,but haven't seenthe mountin, andyou
wonderwhy on earththe textbook authorbuilt a tunnel,andwhy the
instructoris driving you throughit. Thereis alsoSection10.2.2(Lin-
ear Combinationof Atomic Orbitals, p. 235) which usesa starting
pointmoresimilar to theonein thesenotesandalsocomesup with the
tight—kinding modelattheend.

Back to the Tight—-Binding Model Again. Whatl have atthispointis acol-
lectionof wave functions|l). They look almostexactly like theboundstates
over isolatedwells at locationl, but I have manipulatedhemso thatthey
areall orthogonato oneanother They arenolongerperfecteigenfunctions
for theisolatedwells,andthey arenot perfecteigenfunctiongor theinfinite
collectionof wells lying side—by—gie either Why? | just madea bunchof
wave functionsorthogonalto oneanother | haven't solved Schibdingers
equationyet.

Now | amgoingto write down anapproximateHamiltonianfor anelec-
tronin the presencef all thewells, whichis

Fp=> UlH{. (6)
|

This is not the “tight—bindng Hamiltonian”, but the “too—boringHamilto-
nian”. | will useit to introduce somenotatian. | will be denotingby U, the
enepgy of the boundstatesitting at sitel, andl will understandhatU is
usuallynegative. Now, why is this Hamiltorian boring? It doesnt do ary-
thing. The eigenstatesre |l), the enegiesareU;, andif anelectronstarts
atsitel it staysthereforever.

Looking backat Figurel, it shoutl not seempossibé to arrangethings
sothatan electronthat startsat site| simply sitsat sitel forever. Its wave



function leaksover into the next well, andinteractswith the potentialin
thatwell. Theremustbe someprobability for the electronto tunnelinto
the two neighboringwells, evenif the probability is small. You canlook
backat pages78 and 79 for a brief summnary of someformulashaving to
do with tunneling,andreferences to textbooksthattalk aboutit at greater
length. Justas| previoudy imaginesolving the problemof an electronin
awell andfinding a binding enegy U, now | imaginesolvingatunneling
problem,andfinding the the rate at which electronamplitudeleaksfrom
well 0 towell 1is t. Thatis, suppos anelectronisin state|l) attimet = 0.
Denotethe wave function of the electronby | (t)). Thenat latertimes|
expectsomethindike

hi(1(1) = (Ol (D). @

| canarrangeor thisto betrueby addingatermt|1) (0| to the Hamiltonian.
To make the operatorHermitian, | will have to addt|0)(1] aswell. This
meansthat the rate at which a particle leaksfrom well O to well 1 is the
sameasthe rate at which a patrticle leaksfrom well 1 to well 0. At this

pointl have )
Fay = t|0) (1] +£(1]|0) + > Uy [1){I]. (8)
|

I’'m finally readyto write down thetight-bindingmodelin onedimenson,
as

Frg =3 [+ +l+ D[]+ U] (9)
|

|
A FewMore Questions.

Q: Shouldnt you compue a differenttunnelingmatrix element for every
singlepair of sites?

A: Yes. But the modelhasenoughrich behaior asit standshat! simply
don't do thatin this book. Letting the tunneling matrix elementssary
from siteto sitedoesnotintroduwce any additionalqualitatve behaior,
justchangesiumericalresults.

Q: Whatequationn thebookcorrespondso Eq. (9)?
A: Equation(8.35)or stuff in thevicinity of Equation(10.25).

Q: Are theresomeproblemsin the bookthatwill give me somepractice
with thetight-bindingmodel?



A: Look atProblems38.6and18.2,18.3,and18.4.1 really oughtto have a
problemin Chapterl0 also,but never madeoneup.

Solutionin a SimpleCase. In thesimplestpossiblecasethetight-binding
modelbecomes

Fors =S )0+ 1+ (1 +1)(1 [+ Uoll)(I. (10)
| I

All the wells are the samedepth. Therefore,the problemhasthe sort of
translationaksymmetry thatlets Bloch’s theoremwork, and| cansolwe it.
Actually, | remembethefirst time | raninto thisin graduateschool. Em-
barrassingstory, really. | gotto a problemlik e this,andl hadno ideawhat
to do. | just satstaringit it for hour after hour The problemwasduethe
next day At something like 2 in the morninganotherstudenttameinto the
office, and| told him | wasstuckandjust sitting therewith no ideawhat
to do. He said,“Oh, it's just a like the undegraduatewave problemsin
Crawford” Sol lookedbackatthetext for my sophonore wavestext, and
sureenoughtherewasexactly the samemathdescribingabunchof discrete
massegonnectedy springs.| copiedthe solution, andhadit worked out
in afew minutes.

The mainideais that wheneer you have someform of translational
symmetryyou canuseFouriertransforms Guessa solutian in theform

=3 e, (11)
|I
Let Eq. (10) actonthis. You get

Foralu) =3 €4 {UNA+2) + 41+ AN +UelD(IN] . (12)

1
Thegreatthing abouthaving orthonormaktateds that

(") = &y (13)
Sonow | have

Foralu) =3 € {t)dnp + 1 +2)0 0 +Uol)di} . (14)
I’

For themiddleterm,| replacethedummny index | by | — 1. Now | have

Ferslvw) =3 €4 {U1)day + )Gy +Uoldip}  (15)
g



=3 {1 D 4 gy =Y 4 dhyg|l) } (16)
=§|: eIy {te* + te7+ Up} (17)
zzlj &) {2t cosk+Up} (18)
= {I2t cosk+Uo} |1) (19)

Sow is aneigenfunctionwith enegy

Ex = 2t cosk+ Up. (20)

Final Questions.

Q

A:

Sol baginwith electrondocalizedonsites,andl endupwith sometlng
like planewavesextending everywhere lsn’t thatweird?

That’s Bloch’s theorem.This might be a goodtime to look backat the
beginning of Chapter7.

I’ve seenthis before. You have to have a in the answerwherea is the
lattice spacing.

: No | don't. But | can. Justreplacek everywhereby ka, exceptin the

subscriptto . In whatl justdid, | is a dimengonlessindex, andk is
dimensimless.

But if | make wells really deep,shouldnt electronsget stuckon their
sitesforever?

If wells are really deep,thenthe hopping matrix elementt becomes
exponentiadly small, the bandenepgies £ areall nearlyequalto Uy,
andthe electrontakesa time of order1/t to leave the placewhereit
begins. Onesaysthatthe electronsarein very narrov bandsandvery
tightly bound. For the simple problem| just solved, they are never
stuckforever. Chapterl8 providessomecaseswvherethey really get
stuckforever.

What happensvhenall the enegiesU, are not the same?Canl still
solve theproblem?

This is the subjectof Sectionsl8.3.2andon to the endof Chapterl8.
P. W. Andersornwon a Nobel prize for two big contributions between
aroundl1955and1965,andoneof themwasto askthis questionrabout
randomenegiesandmake afirst seriousstabat answeringt.



Q: Sofaryou have justtalkedaboutoneelectronin this potential. Whatif
| putmorethanoneelectronin the potential?

A: Well, electronsarefermions sol cant puttwo of themin thesamestate.
They dohave spin,sol canputtwo of theminto ary give stateindexed
by k, onewith spinup, onewith spindown. To build a groundstate,
| putthefirst electrondnto the statewhereéy is thelowed, andthen
keeppopulatirg statesn ascendingrderuntil | run out of electrons.

Q: How would| setthatproblemup formally?

A: Usesecondquantization.If you turn toward the end of the book you
canseevariantsof thetight—bindingmodelin second—quargednota-
tion. TheAndersorModelin Equation(26.83)is justthetight-binding
model,with someaddedermsin front. The Hubbardmodel,(26.127)
is anothervariant,with a termthrown away andanotherterm added.
Andersonwasprobablythefirst persorto write down (26.127)too, but
Hubbardstudedit morethoroughty, soHubbards namehasstucktoit.
Theamazinghing aboutthe Hubbardmodelis thatjust by addingone
little extra termto thetight—binding modelsothatelectronsat differ-
entsitesinteractwith eachother notonly canthemodelnotbesolved
exactly in morethanonedimenson, but thereis still no consensusn
qualitatve featuresof the solutionafter40 yearsof trying.

Q: Whofirst wrotedown thetight—tanding model?

A: | believeit wasBloch, in thefirst paperaboutwhatis known asBloch’s
theoremasa solvableexample.l don’'t know why the modelis called
the“tight—bindingmodel”ratherthanthe“Bloch model” Theconnec-
tion betweerscientiss’ namesandequationss curiousandrandom.



