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Expanded Comments on The Tight-Binding Model

Studentshave commentedthatthebookracestoo quickly throughsomeof
thebasicpartsof condensedmatterphysics,giving generalderivationsbut
not establishing goodmentalpictures. Oneexampleis the tight–binding
model,andI amgoingto try to fix thesituationwith thesenotes.
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Figure 1. One–dimensional tight–binding model. A single electron sits in a well
thatnearly holdsit captive, but allowsit to leakout into otherwells at someslow
rate.

Thetight–bindingmodelis illustratedin Figure1. Startin onedimen-
sion,andthink of a metalasa collectionof potentialwells. Thewells may
or maynot all have thesamedepth;theanalysiswill beeasiestwhenthey
areall the samedepth,and the most interesting when they arenot. In a
perfectcrystallinemetal,onethinksof all thewells having thesamedepth,
or elsealternatingdepthin a crystalline pattern. Wells of randomdepth
correspondto asolidwith a lot of defectsandrandomnessin it.

Figure1 alsoshows an electron,which is trappedin oneof the wells.
OK, that’s not quite true. It is almosttrappedin oneof the wells. When
onewritesa tight–bindingmodel,theideais thatif therewerejust a single
well sitting in isolation, onecouldsolve theproblemof theelectronsitting
in thatwell, find its energy, andfind theelectronwave function. Theblob
sitting overwell #4is thewavefunctionof anelectrontrappedin anisolated
well sittingatposition#4.

It maybehelpfulat thispoint to solve thefollowing
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Problemconcerningwells. Considerthepotential

U
�
x ��� ��� �� 0 if x �
	 a � 2	
� if 	 a � 2 � x � a � 2

0 if x � a � 2 � (1)

Take ��� 0. SolveSchr̈odinger’sequation

	��h2

2m
d2 �
dx2 � U

�
x � � ��� ��� (2)

andfind thegroundstateenergy � 0.

Questionsconcerning wells. Here are someadditional questionsyou
shouldthink aboutbeforeyougoon,eitherlooking backat a quantumme-
chanicstext if needed,or elseworking thingsout for yourself:� For a potentialwell of the form in Eq. (1) is therealways a bound

state;that is, a stateof negative energy wherethewave functiondies
of exponentially away from thewell?� Cantherebemorethanoneboundstate?� Is therealwaysmorethanoneboundstate?� Whathappensif � is positive ratherthannegative?� What if the bottomof the well werenot perfectlyflat, but hadsome
arbitrarybumpy shape?Would theresultsof thecalculationchange?� What if the problemwere posedin two dimensionsratherthan one
dimension; thepotentiallookslikea pieceof paperwith adisccutout
of it, andanelectronis attractedto thediscwith potentialstrength	
� .
Now whathappens?Is therestill aboundstate?Whatis its energy?� Whatif theproblemwereposedin threedimensionsratherthanoneor
two dimensions; thepotential lookslike a balloonfloatingin themid-
dle of space,andanelectronis attractedto theballoonwith potential
strength	
� . Now whathappens?Is therestill aboundstate?Whatis
its energy?� OK. SosupposeI’m somesortof nano–technologypioneer, andI take
a bunchof atomsandI put themin a line a few Å apart,andI put one
electronon theline of atoms.ShouldI think of thatasaseriesof one–
dimensional wells like theonein Eq.(1), or shouldI think of thatasa
seriesof three–dimensionalwells?� If I canmanipulateatoms,whatwould I do to createone–dimensional
wells, two–dimensionalwells,or three–dimensionalwells?
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Back to the tight–binding model. So, now it is possible to comeback
to that innocent–looking Figure1 andexplain what it means.Theelectron
blob is the wave function of an electronboundstatetrappedin a single
well. Thepotentialwells arenot really indicatingtheheightsof potentials,
but areindicatingtheenergiesof electronboundstatesin thewells. Thatis,
thepictureis showing � 0 andnot � . For this reason,thepicturecouldbe
describingtheresultof thenano–technologist’s experimentwherea bunch
of three–dimensionalpotentialwells havebeenstucktogether.

Youshouldbeconvincedat thispoint thatthereis plentyto think about
whenanelectronfacesjust onewell, andit’ s not trivial to put theelectron
in contactwith aninfinite numberof wells. Thisbringsup themainideaof
thetight–bindingmodel.

SupposeI know thebindingenergy of anelectronin eachwell givento
me. Supposetheelectronwave functionsfall off really fastaway from the
well, andby thetime thewave functionsgetto thenext well, they aretiny.

Now I’m goingto makea bit of a leap,anddefinea collectionof quan-
tumstates,� l � , wherel is anintegerrangingfrom 	�� to � . Whatarethese
states?Think of themascorrespondingto thewavefunctionof theelectron
boundstatein well numberl. That is fine just so long asyou do not think
toohardaboutit. Unfortunately, if youdo,youmayhavesomequestions:

Q: So,if � l � correspondsto thewave functionof anelectronin well l, then
thedifferentstates� l � will not beorthogonal, andI amgoing to have
troublewith theformalismof quantummechanics.Is it legal to work
with states� l � thatarenotorthogonal?

A: It is easiestto work with Dirac notationif thestates� l � areorthogonal,
sothey areorthogonal.

Q: Thenstates� l � arenotreally theboundstatesin thewellsafterall. Then
whatarethey?

A: They arevery closeto theboundstatesin thewell, but they have been
madeorthogonalto oneanother.

Q: Thanksfor thehelp.

A: No, really, this is notsuchabig deal.Therearemany differentwaysto
think aboutit. Oneway is to think backto your classon linearalge-
bra. You may have learnedaboutsomethingcalledGramm–Schmidt
orthogonalization,which seemedparticularlyuselessat thetime. The
way it works is something like this. You have wave functions � 0

�
x � ,
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�
1
�
x � , and � � 1

�
x � thataretheboundstatesin isolatedwells 	 1, 0,and

1. Now youcanmodify � 0 by writing!
0
�
x �"� � 0

�
x �#	 � 1

�
x �"$ dx % �'&1 � x %(� � 0

�
x %(�)	 � � 1

�
x �*$ dx % �+&� 1

�
x %,� � 0

�
x %(� �(3)

Or, in Dirac notation

� ! 0 �-�.� � 0 �/	0� � 1 �21 � 1 � � 0 �/	0� � � 1 �31 � � 1 � � 0 � (4)

Q: Well,
!

0
�
x � isn’t evennormalizedany more.

A:

Q: Aren’t yougoingto answermy question?

A: Thatwasnota question. Thatwasa statement1.

Q: WhatshouldI do to normalize
!

0?

A: � ! 0 �-� � � 0 �/	0� � 1 �21 � 1 � � 0 �/	0� � � 1 �31 �4� 1 � � 0 �5
1 � �61 � 1 � � 0 �7� 2 � �81 � � 1 � � 0 �9� 2 (5)

Q: Sohow doesall thishelpme?

A: It only helps if the overlap integrals such as 1 � 1 � � 0 � are small. If
theseareof order10

�
2, thenthe correctionsneededto normalize

!
0

in Eq. (5) areof order10
�

4, which is why I didn’t even write them
down at first. Also, if 1 � 1 � � 0 � is of order 10

�
2, one would expect1 � 1 � � � 1 � to beof order10

�
4, andoverlapsbetweenmoredistantsites

to besmalleryet. So thedifferencebetween
!

0 and � 0 is that for � 0

theoverlapswith neighboring wave functionswereof order10
�

2, but
afterI havedonethesubtractionsin Eq.(5), theoverlapshavedropped
down to order10

�
4. Checkit out by actingfrom the left with 1 ! 0 � ,1 � 1 � , and 1 � � 1 � andseewhatyouget.

Q: The Gramm-Schmidtalgorithmis a systematic procedurefor making
any collectionof vectorsorthogonal tooneanother. Whyareyoudoing
anapproximateversionof thealgorithm,andmakingcommentsabout
overlapintegralsbeingsmall?

1Dirac is supposedto havedonethisonceduring a colloquium.
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A: Becauseif theGramm-Schmidtprocedureiscarriedoutwith wavefunc-
tionsthat look like thewave functionsoneexpectsto arisefor bound
electronssitting in wells, thenat the endof the day, the resulting or-
thogonalwave functionsshouldlook very much like the wave func-
tionswith which onebegan,but with tiny corrections.For thecorrec-
tionsto betiny, theoverlapintegralshave to besmall.

Q: This lookedasif it wasgoingto besimpleat first, andnow it’s gotten
messy. Isn’t thereasimplerway to go throughit?

A: Well, thatwastheideaof Section8.4(Tightly BoundElectrons,p. 194),
which usesformal propertiesof Wannierfunctionsto try to avoid all
thesequestions.Something like a tunnelthrougha mountainof com-
plexity. But if you’re a studentseeingit for the first time you sense
you’regoingthrougha tunnel,but haven’t seenthemountain,andyou
wonderwhy on earththe textbook authorbuilt a tunnel,andwhy the
instructoris driving you throughit. Thereis alsoSection10.2.2(Lin-
ear Combinationof Atomic Orbitals, p. 235) which usesa starting
pointmoresimilar to theonein thesenotesandalsocomesupwith the
tight–bindingmodelat theend.

Back to theTight–Binding ModelAgain. WhatI haveatthispointisacol-
lectionof wavefunctions � l � . They look almostexactlyliketheboundstates
over isolatedwells at locationl, but I have manipulatedthemso that they
areall orthogonalto oneanother. They arenolongerperfecteigenfunctions
for theisolatedwells,andthey arenotperfecteigenfunctionsfor theinfinite
collectionof wells lying side–by–sideeither. Why? I just madea bunchof
wave functionsorthogonalto oneanother. I haven’t solvedSchr̈odinger’s
equationyet.

Now I amgoingto write down anapproximateHamiltonianfor anelec-
tron in thepresenceof all thewells,which is:;

tb �=<
l

Ul � l �21 l � � (6)

This is not the“tight–binding Hamiltonian”,but the“too–boringHamilto-
nian”. I will useit to introducesomenotation. I will bedenotingby Ul the
energy of the boundstatesitting at site l, andI will understandthatUl is
usuallynegative. Now, why is this Hamiltonian boring?It doesn’t do any-
thing. Theeigenstatesare � l � , theenergiesareUl, andif anelectronstarts
at sitel it staysthereforever.

Lookingbackat Figure1, it should not seempossible to arrangethings
so thatanelectronthatstartsat site l simply sitsat site l forever. Its wave
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function leaksover into the next well, and interactswith the potentialin
that well. Theremustbe someprobability for the electronto tunnel into
the two neighboringwells, even if the probability is small. You canlook
backat pages78 and79 for a brief summary of someformulashaving to
do with tunneling,andreferences to textbooksthat talk aboutit at greater
length. JustasI previously imaginesolving theproblemof anelectronin
a well andfinding a binding energy Ul, now I imaginesolvinga tunneling
problem,andfinding the the rateat which electronamplitudeleaksfrom
well 0 to well 1 is > . Thatis, supposeanelectronis in state � l � at time t � 0.
Denotethe wave function of the electronby � � � t �?� . Thenat later timesI
expectsomethinglike

�hi @@ t
1 1 � � � t �?�-�A>B1 0 � � � t �C� � (7)

I canarrangefor this to betrueby addingaterm >D�1�21 0 � to theHamiltonian.
To make the operatorHermitian, I will have to add >E� 0�21 1 � aswell. This
meansthat the rateat which a particle leaksfrom well 0 to well 1 is the
sameas the rateat which a particle leaksfrom well 1 to well 0. At this
point I have :;

tbF �A>E� 0�21 1 � � >B1 1 �,�0� � <
l

Ul � l �21 l � � (8)

I’m finally readyto write down thetight–bindingmodelin onedimension,
as :;

TB �
<
l G >D� l �31 l � 1 � � >D� l � 1�31 l � H � <

l

Ul � l �21 l � � (9)

A FewMore Questions.

Q: Shouldn’t youcomputeadifferenttunnelingmatrixelement> for every
singlepair of sites?

A: Yes. But themodelhasenoughrich behavior asit standsthat I simply
don’t do that in this book. Letting thetunneling matrix elementsvary
from siteto sitedoesnot introduceany additionalqualitativebehavior,
justchangesnumericalresults.

Q: Whatequationin thebookcorrespondsto Eq.(9)?

A: Equation(8.35)or stuff in thevicinity of Equation(10.25).

Q: Are theresomeproblemsin the book that will give me somepractice
with thetight–bindingmodel?
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A: Look at Problems8.6and18.2,18.3,and18.4. I reallyoughtto have a
problemin Chapter10also,but nevermadeoneup.

Solutionin a SimpleCase. In thesimplestpossiblecase,thetight–binding
modelbecomes:;

TB � <
l

>E� l �21 l � 1 � � >E� l � 1�21 l � � <
l

U0 � l �21 l � � (10)

All the wells are the samedepth. Therefore,the problemhasthe sort of
translationalsymmetry that lets Bloch’s theoremwork, andI cansolve it.
Actually, I rememberthefirst time I ran into this in graduateschool.Em-
barrassingstory, really. I got to a problemlike this,andI hadno ideawhat
to do. I just satstaringit it for hour after hour. The problemwasduethe
next day. At something like2 in themorninganotherstudentcameinto the
office, andI told him I wasstuckandjust sitting therewith no ideawhat
to do. He said, “Oh, it’ s just a like the undergraduatewave problemsin
Crawford.” SoI lookedbackat thetext for my sophomorewavestext, and
sureenoughtherewasexactlythesamemathdescribingabunchof discrete
massesconnectedby springs.I copiedthesolution, andhadit workedout
in a few minutes.

The main idea is that whenever you have someform of translational
symmetry, youcanuseFouriertransforms.Guessasolution in theform

� � k ��� <
l F eikl F � l % � � (11)

Let Eq.(10)acton this. Youget:;
TB � � k �-� <

ll F eikl FJI >D� l �21 l � 1 � l %K� � >D� l � 1�21 l � l %(� � U0 � l �21 l � l %(�2L � (12)

Thegreatthingabouthaving orthonormalstatesis that1 l � l %,���AM ll F (13)

Sonow I have:;
TB � � k �J�=<

ll F eikl F I >E� l �?M l N 1 O l F � >E� l � 1�?M l O l F � U0 � l �CM l O l F L � (14)

For themiddleterm,I replacethedummy index l by l 	 1. Now I have:;
TB � � k �"� <

ll F eikl F I >D� l �CM l N 1 O l F � >D� l �CM l
�

1 O l F � U0 � l �?M l O l F L (15)
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� <
l

I >D� l � eik P l N 1Q � >E� l � eik P l � 1Q � eiklU0 � l �RL (16)

� <
l

eikl � l � I > eik1 � > e � ik � U0 L (17)

�S<
l

eikl � l �+T 2> cosk � U0 U (18)�VT 2> cosk � U0 U � � k � (19)

So � k is aneigenfunctionwith energy� k � 2> cosk � U0 � (20)

Final Questions.

Q: SoI beginwith electronslocalizedonsites,andI endupwith something
likeplanewavesextendingeverywhere.Isn’t thatweird?

A: That’s Bloch’s theorem.This might bea goodtime to look backat the
beginningof Chapter7.

Q: I’ ve seenthis before. You have to have a in theanswerwherea is the
latticespacing.

A: No I don’t. But I can. Justreplacek everywhereby ka, exceptin the
subscriptto � . In what I just did, l is a dimensionlessindex, andk is
dimensionless.

Q: But if I make wells really deep,shouldn’t electronsget stuckon their
sitesforever?

A: If wells are really deep,then the hopping matrix element > becomes
exponentially small, the bandenergies � k areall nearlyequalto U0,
andthe electrontakesa time of order1�W> to leave the placewhereit
begins.Onesaysthattheelectronsarein verynarrow bands,andvery
tightly bound. For the simpleproblemI just solved, they are never
stuckforever. Chapter18 providessomecaseswherethey really get
stuckforever.

Q: What happenswhenall the energiesUl arenot the same?CanI still
solve theproblem?

A: This is thesubjectof Sections18.3.2andon to theendof Chapter18.
P. W. Andersonwon a Nobelprize for two big contributionsbetween
around1955and1965,andoneof themwasto askthisquestionabout
randomenergiesandmakeafirst seriousstabat answeringit.
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Q: Sofar youhave just talkedaboutoneelectronin thispotential.Whatif
I putmorethanoneelectronin thepotential?

A: Well, electronsarefermions,soI can’t puttwoof themin thesamestate.
They dohavespin,soI canput two of theminto any givestateindexed
by k, onewith spinup, onewith spindown. To build a groundstate,
I put thefirst electronsinto thestatewhere � k is the lowest, andthen
keeppopulating statesin ascendingorderuntil I runoutof electrons.

Q: How would I setthatproblemup formally?

A: Usesecondquantization.If you turn toward the endof the book you
canseevariantsof thetight–bindingmodelin second–quantizednota-
tion. TheAndersonModelin Equation(26.83)is justthetight–binding
model,with someaddedtermsin front. TheHubbardmodel,(26.127)
is anothervariant,with a term thrown away andanotherterm added.
Andersonwasprobablythefirst personto write down (26.127)too,but
Hubbardstudiedit morethoroughly, soHubbard’snamehasstuckto it.
TheamazingthingabouttheHubbardmodelis thatjustby addingone
little extra termto the tight–bindingmodelso thatelectronsat differ-
entsitesinteractwith eachother, notonly canthemodelnotbesolved
exactly in morethanonedimension, but thereis still no consensuson
qualitative featuresof thesolutionafter40yearsof trying.

Q: Whofirst wrotedown thetight–bindingmodel?

A: I believeit wasBloch, in thefirst paperaboutwhatis known asBloch’s
theorem,asa solvableexample.I don’t know why themodelis called
the“tight–bindingmodel”ratherthanthe“Bloch model.” Theconnec-
tion betweenscientists’ namesandequationsis curiousandrandom.


