Expanded Comments on Wave Packets

Comments on Section 7.2, page 160.

In classicalmeclanics,onetalks abou particlesthat have positionx andvelccity v. In
guarium mechanics,oneis nolonge allowedto speakthatway. Particlesarerepla@dby
waves,andpositionandvelocity cannad be specifiedsimultaneosly. Still, theremustbe
somethiilg onecandescrile in quartum mecharts thatactslike a particle. Theremustbe
someway to describethings thatmove through spacewith definitepositiors andvelocity,
andsomeway to understandthe limits quantum mechanicsplaceson viewing themthat
way.

Hereis afirst guess. Write down a wave function thatis a deltafunction centerechat
positionrg. Take thatto be a particle. Disaster! It doesnt actlike a particleat all. It
spreadut to both sides,andthereis no way to make it move at a desiredvelocity. Of
coursejf onewantssomethiig with definitevelodty, onecanwrite down awave function
explimv.r /h], but thisis adisastertoo, sinceit hasno definitelocation. Sowhatoneneeds
is afunction thathasa definitewavelergth like a planewave, anda definitepositionlike a
deltafunction Well, thereis no way to have both at the sametime, but onecanaim for a
compomise.

The compomiseis calleda wave paclet. Ther aretwo waysto build them. First:
Suppaeonehasabunchof solutionsto Schrodnger’s equatiorof thesortthatcomefrom
Bloch’sequation

Pi(r) 1)

Thesehave a definite momentum, but are not localizedin space. Next supposehat
F(r —r") is afunctionthathasa peakwhenr =r’, anddropsto zeroon eitherside. If the
distancescalewhete F dropsto zerois muchlargerthanthe periodof ¢, then

Y(NF(r—=r") 2)

is awave pacletcenteredatr = r’, andwith wavenumberk. Now thisis all very nice,and

awave shapedik e thiswould have propertieslik e a particleasit should but unfotunately

| dorit know of ary goodway to shov that. To make someprogesswith a wave paclet

analytically it is necessaryo moveto the secondvay of forming them.
Thesecondwvayis basedupan theidentity

dk 4
/ TRek =40 3)

Whatthis identity suggestss thatif oneaddstogeherlots of exterdedwavesof different
wave numters,they shouldform somethinghatis localizedin space So,form thesum

W(r, K) =" w(k—K)e(r) (4)

kl

Herew(k— k') is adimensiofessfunctionthathasa peakatk = k’, anddropsto zero
on eitherside. It shoulddrap to zeroslowly comgaredto the scalewhere) | variesasa
function of k. This sumshoud be expectedto prodice a wiggly function with a peak
atr = 0, andwith awiggle whosewave numker is apgoximatelyk. The big differerce
betweerthis prescriptio for a wave paclet andthe previous oneis thatnow oneknows
how the paclet evolves in time. Thefirst definitioninvolvedthe prodict of two functions
of spacelf oneputsit into Schrodnger’'s equdion, thereis absolutelynothingonecansay
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Figure 1. A wave paclet canbe constructedoy multiplying a wave by a modulatingfunction that
makesthewave die off to theright andto theleft.

abou whatit will do. However, the seconddefinitionis simply a sumof spatialfunctions,
andits time evolutionis simply

W(r, k1) = w(k—K)ep (r)e eet/n, (5)

k!

At this point, | have almostrecoreredEquadion (7.26). But actually in goingthrough
thisamgumentl have decidedthat(7.26) is not quiteright! | would preferit to read

W(r k1) = /[d_kl] w(k— k')eik’r*iek't/h [wk,(r)e—ik’-r]

o dkr—igct/n [ py  py K (P— VL Ect/N) _ikr] Definingk’ =k—¥& and
R € k /[dk’] w(k’) e R g(T)e » expandingthetermsin the

exporentto first orderin K’
becaisew is pealed about

kK'=o.
ik-r—ig.t/h = Thevalueof theintegral F does
~ @k T—iEgt/N g (T — V&t /h) not matter;justthefactthat it is
in theform of atraveling wave
moving atd; = V¢ &/,

In the lastterm | simply drop [¢k(r)e~'"] on the grondsthatif ¢y is enowgh like a
planewave, thenthis termwill be constantOf coursethatargumentis neithersatisfying,

(6)
()

(8)



nor compgetelyright, whichexplains why in themorecarefu analysisin Chapterl6,some
extratermsapper.

Somefinal comnentsto completethe amument: F(F — %ng) describesa traveling
wave moving atvelocity

= V& /h. 9)
Identifying w = €;/h givesthefamiliar group velocity
ow
P (10)

0.0.1 Commentson section 16.4.1, page 426

Theformdism in Sectionl6.4clearsup all theuncertaitiesfrom Chapter7. At least,that
is the mainthing it is intendedto do. But simultaneosly the sectionprodicesa certain
senseof shockand surpise becausehe simple and comforting relationv = dw/dk has
transfomeditself into somethiilyg complicated with a long formal derivation, and extra
unfaniliar termsattheend..

Firstafew wordsonwhy | wrotethesectiontheway| did. If onewantsaniceheuistic
derivation of wave paclet motion thenthetreatmenbn pagel60,or in sectionl6.22, or
in Problens 16.7and16.9will do. Thedifficulty with the variows heuistic derivationsis
thatthey all getthewrong answer They misssometerms.Now thefactthattheseermsare
geneally unknowvn andomittedhasnot greatlyhamperedthe progessof physics. There
aremary casesvherethey vanish,andthey do not enterthe electrontransmrt equations
thataremostcommanly used. However, it seemedo me thatwith expeiimentsbecom
ing every morepreciseandexploring ever smallerspatialscalesijt is just a matterof time
befoe the effect of thesetermson electronmotionneedso becomepartof geneal knowl-
edge.Sol decideal to includea derivation of the correctsemi-classicaglectronequations
of motion. It is not very long, but it is fairly heary going andrelieson the Lagrangian
formalismin Appendx B.3,whichis very simple,but alsogenerdly unfaniliar.

Next, a bit of a discussiorof Eq. (1665). This drops a bit out of the blue, but after
theremarls above in thesenotesit may no longerseemso mysterios. Onceagan, one
suppeaesthat solutiors of Schibdinger's equatimm areknown. Theseare solutionswhen
electricandmagnetidield arebothzero.Now build awave paclet. Similarto Eq. (4), take

Z wig Ui (T) (11)

If 4 is sometling like a planewave, theresultatthis pointshouldbe awave paclet pealed
nearzero. Suppael wanta wave paclet centeredsomavhereelse,sayatr .? Well, if ¢
is somethilg like a planewave €7, thenl canoffsetit through multiplying by e—'k"e. So
now | guess

Wz, (7 IZ wig €T (P). (12)

This s gettingcloseto a goodstartingguessor thewave paclet. Thereis no simpleway
to seethatit is not quite goodenowgh. Sometimeglerivationsarea bit like trips through
amaze,whereonehasto travel afairly long distanceto seewhetheror not they aredead
ends.In this case|f oneusedEq. (12), onewould hit a deadenda long time laterin the
deriation, if a magretic field were presenh The prodemswould ariseon page428in

trying to passfrom Egs. (16.79) and(16.80) to Eq. (16.8). Noticethatthe electricand



magretic fields enterin differentways. The electricfield entersthrough —eV (7). If the
electricfield is constantthisis simply eE - 7. Becausef Eq. (1678) theexpectatio value
of theelectricpotentialinsidea wave pacletis rigorously eE - 7.

Themagndic field entersdifferently, throudh termsinvolving the squareof the vecta
potertial. Onewill have to evaluatea terminvolving r 2 suchas

NM ﬂm& (13)

Unfortunatelythereis no formal resultfor r? that matche the certaintyprovided by Eq.
(16.78). The safestthing to do is to male this term assmall aspossible,andthenargue
thatit canbeneglectedif B is nottoo large. This goalwould beaccomfishedif insteadof

Eq.(13) onehad
2

(V\4Ck5| - (r=re) |V\4CkC (14)

SinceW, ¢ is a localizedwave paclet centeredat r, it is easyto believe that Eq. (14)
would be muchsmallerthanEq. (13), andthat one could justify throwing it away. So,
turning backto the beginning, definethewave pacletto be

\N?kc Z w___ —|9A(FC) 7/hc— |k?c,¢__( ) (15)

Theextra phasdactorinvolving the magretic poterial lies dormart on pages 426and
427 ,but on page428it springs into action. It hastheeffect of replacingEq. (16.80) by

2
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So by introdwcing just the right setof wigglesin the original wave paclet, one can
centerit wheredesired and make the world safelater for appraximatiors involving the
magretic field.

Mostof thecalculationson pagesi26-428are,asthey say tediows but straightfoward,
andmostof the detailsarein prablems. Somethingscoud have beendonein different
ways.

For examge, Eq. (16.78)is a really basicproperty of wave paclets,andonewill do
whatever it takesto male it true. Soit might be betterto begin page427 by demaling
thatEqg. (16.78) hold, andthenworking backwards until onearrivesat Eq. (16.8), which
is thecondition onthe phaseof w thatmakesit all work.

| shouldhave referred to Appendx B.3 on page 428 ratherthan assumingthat one
rememiersits existencefrom top of page426

Finally, workedsolutiongto all problens areavailablein theinstructors manual, which
meanghatinstructos cangetwritten copies of gory detailsfor page428justby askingme
for them.



