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Expanded Comments on Wave Packets

Comments on Section 7.2, page 160.

In classicalmechanics,onetalks about particlesthat have positionx andvelocity � . In
quantum mechanics,oneis no longer allowedto speakthatway. Particlesarereplacedby
waves,andpositionandvelocity cannot bespecifiedsimultaneously. Still, theremustbe
something onecandescribe in quantum mechanics thatactslike a particle.Theremustbe
someway to describethings thatmove throughspacewith definitepositions andvelocity,
andsomeway to understandthe limits quantum mechanicsplaceson viewing themthat
way.

Hereis a first guess. Write down a wave function that is a deltafunction centeredat
positionr0. Take that to be a particle. Disaster! It doesn’t act like a particleat all. It
spreadsout to bothsides,andthereis no way to make it move at a desiredvelocity. Of
course,if onewantssomething with definitevelocity, onecanwrite down a wave function
exp

�
im ��� r ���h� , but this is adisastertoo,sinceit hasnodefinitelocation.Sowhatoneneeds

is a function thathasa definitewavelength like aplanewave,andadefinitepositionlike a
deltafunction. Well, thereis no way to have bothat thesametime,but onecanaim for a
compromise.

The compromiseis calleda wave packet. There aretwo ways to build them. First:
Supposeonehasabunchof solutionsto Schrodinger’sequationof thesortthatcomefrom
Bloch’sequation: �

k 	 r 
 (1)

Thesehave a definitemomentum,but arenot localizedin space.Next supposethat
F 	 r � r �

 is a function thathasa peakwhenr � r � , anddropsto zerooneitherside.If the
distancescalewhere F dropsto zerois muchlargerthantheperiodof

�
, then�

k 	 r 
 F 	 r � r � 
 (2)

is a wavepacketcenteredat r � r � , andwith wavenumberk. Now this is all verynice,and
awaveshapedlike thiswouldhavepropertieslikeaparticleasit should,but unfortunately
I don’ t know of any goodway to show that. To make someprogresswith a wave packet
analytically, it is necessaryto moveto thesecondwayof forming them.

Thesecondway is basedupon theidentity�
dk
2� eikr ��� 	 r 
 (3)

Whatthis identity suggestsis that if oneaddstogetherlots of extendedwavesof different
wavenumbers,they shouldform somethingthatis localizedin space.So,form thesum

W 	 r � k 
����
k ��� 	 k � k � 
 � k � 	 r 
 (4)

Here � 	 k � k ��
 is a dimensionlessfunctionthathasa peakat k � k � , anddropsto zero
on eitherside. It shoulddrop to zeroslowly comparedto the scalewhere

� �k variesasa
function of k � . This sumshould be expectedto produce a wiggly function with a peak
at r � 0, andwith a wiggle whosewave number is approximatelyk. The big difference
betweenthis prescription for a wave packet andthe previous oneis that now oneknows
how thepacket evolves in time. Thefirst definitioninvolvedtheproduct of two functions
of space.If oneputsit into Schrodinger’sequation, thereis absolutelynothingonecansay
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Figure 1. A wave packet canbe constructedby multiplying a wave by a modulatingfunction that
makesthewave die off to theright andto theleft.

about whatit will do. However, theseconddefinitionis simplya sumof spatialfunctions,
andits timeevolution is simply

W 	 r � k � t 
�� �
k � � 	 k � k � 
 � k � 	 r 
 e � i � k � t � �h � (5)

At this point, I have almostrecoveredEquation (7.26). But actually, in goingthrough
this argumentI havedecidedthat(7.26) is notquiteright! I wouldpreferit to read

W 	 r � k � t 
!� � �
d "k � � � 	 k � k � 
 eik � r � i � k � t �#�h $ �

k � 	 r 
 e � i%k �'& %r ( (6)) ei%k & %r � i �+*
k
t � �h � �

d "k � � � � 	 "k � � 
 e � i%k � �,&.- %r � %/ *
k
�+*

k
t � �h 0 $ � %k 	 "r 
 e � i%k & %r ( � Defining 1k � �32 1k 451k � and

expandingthetermsin the
exponentto first orderin 1k � � ,
because6 is peaked about1k � �72 0.

(7)

) ei%k & %r � i � *k t � �h 8 	 "r � "9 %k :;%kt �<�h 
 Thevalueof theintegral = does
not matter;just thefact that it is
in theform of a traveling wave
moving at 1> *k 2 1? *

k @ *k ACBh.

(8)

In the last term I simply drop
� �

k 	 r 
 e � ikr � on the groundsthat if
�

k is enough like a
planewave, thenthis termwill beconstant.Of course,thatargumentis neithersatisfying,
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norcompletely right,whichexplainswhy in themorecareful analysisin Chapter16,some
extra termsappear.

Somefinal commentsto completethe argument: 8 	 "r � "9 %k : %k 
 describesa traveling
wavemoving at velocity "� � "9 %k : %k ���h � (9)

Identifying DE� : %k �<�h givesthefamiliargroupvelocity

"� �GF DF "k � (10)

0.0.1 Comments on section 16.4.1, page 426

Theformalism in Section16.4clearsupall theuncertaintiesfrom Chapter7. At least,that
is the main thing it is intendedto do. But simultaneously the sectionproducesa certain
senseof shockandsurprise becausethe simpleandcomforting relation � � F DH� F k has
transformed itself into something complicated, with a long formal derivation, andextra
unfamiliar termsat theend..

Firstafew wordsonwhy I wrotethesectionthewayI did. If onewantsaniceheuristic
derivation of wave packet motion, thenthetreatmenton page160,or in section16.2.2, or
in Problems 16.7and16.9will do. Thedifficulty with thevarious heuristic derivations is
thatthey all getthewrong answer. They misssometerms.Now thefactthatthesetermsare
generally unknown andomittedhasnot greatlyhamperedtheprogressof physics. There
aremany caseswherethey vanish,andthey do not entertheelectrontransport equations
that aremostcommonly used. However, it seemedto me that with experimentsbecom-
ing everymorepreciseandexploring eversmallerspatialscales,it is just a matterof time
before theeffectof thesetermsonelectronmotionneedsto becomepartof general knowl-
edge.SoI decided to includea derivation of thecorrectsemi-classicalelectronequations
of motion. It is not very long, but it is fairly heavy going, andrelieson the Lagrangian
formalismin Appendix B.3,which is very simple,but alsogenerally unfamiliar.

Next, a bit of a discussionof Eq. (16.65). This drops a bit out of the blue,but after
the remarks above in thesenotesit mayno longerseemsomysterious. Onceagain, one
supposesthat solutions of Schr̈odinger’s equation areknown. Thesearesolutionswhen
electricandmagneticfield arebothzero.Now build awavepacket. Similar to Eq.(4), take

W%kc 	 "r 
I� 1J
N

� %k � %k%kc

� %k 	 "r 
 � (11)

If
�

is something likeaplanewave,theresultat thispointshouldbeawavepacketpeaked
nearzero. SupposeI wanta wave packet centeredsomewhereelse,sayat r c? Well, if

�
is something like a planewave ei%k & %r, thenI canoffsetit through multiplying by e � i%k & %rc . So
now I guess

W%rc %kc 	 "r 
�� 1J
N

� %k � %k %kc
e � i%k & %rc

� %k 	 "r 
 � (12)

This is gettingcloseto a goodstartingguessfor thewave packet. Thereis no simpleway
to seethat it is not quitegoodenough. Sometimesderivationsarea bit like trips through
a maze,whereonehasto travel a fairly long distanceto seewhetheror not they aredead
ends.In this case,if oneusedEq. (12), onewould hit a deadenda long time later in the
derivation, if a magnetic field werepresent. The problems would ariseon page428 in
trying to passfrom Eqs. (16.79) and(16.80) to Eq. (16.82). Notice that theelectricand
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magnetic fields enterin different ways. The electricfield entersthrough � eV 	 "r 
 . If the
electricfield is constant,this is simplye "E K "r. Becauseof Eq. (16.78),theexpectation value
of theelectricpotentialinsideawavepacket is rigorouslye "E K "rc.

Themagnetic field entersdifferently, through termsinvolving thesquareof thevector
potential. Onewill have to evaluatea terminvolving r 2 suchasL

W%rc %kc M B2

2
r2 MW%rc %kc N (13)

Unfortunatelythereis no formal resultfor r 2 that matches the certaintyprovidedby Eq.
(16.78). Thesafestthing to do is to make this term assmall aspossible,andthenargue
thatit canbeneglectedif B is not too large. Thisgoalwouldbeaccomplishedif insteadof
Eq.(13) onehad L

W%rc %kc M B2

2 	 r � rc 
 2 MW%rc %kc N � (14)

SinceW%rc %kc
is a localizedwave packet centeredat rc, it is easyto believe that Eq. (14)

would be muchsmallerthanEq. (13), andthat onecould justify throwing it away. So,
turning backto thebeginning, definethewavepacket to be

W%rc %kc 	 "r 
�� 1J
N

� %k � %k %kc
e � ie %A - %rc 0 & %r � �hc � i%k & %rc

� %k 	 "r 
 � (15)

Theextraphasefactorinvolving themagnetic potential lies dormant onpages 426and
427,but onpage428it springs into action.It hastheeffectof replacingEq. (16.80)by

OP � 1
2m QR OP S e $ "A 	 "r 
�� "A 	 "rc 
 (

c TU
2 S U 	 "r 
 � (16)

So by introducing just the right setof wiggles in the original wave packet, onecan
centerit wheredesired, andmake the world safelater for approximations involving the
magnetic field.

Mostof thecalculationsonpages426–428are,asthey say, tediousbut straightforward,
andmostof the detailsarein problems. Somethingscould have beendonein different
ways.

For example, Eq. (16.78) is a really basicproperty of wave packets,andonewill do
whatever it takesto make it true. So it might bebetterto begin page427by demanding
thatEq. (16.78) hold, andthenworking backwardsuntil onearrivesat Eq. (16.69), which
is thecondition on thephaseof � thatmakesit all work.

I shouldhave referred to Appendix B.3 on page 428 ratherthanassumingthat one
remembersits existencefrom topof page426.

Finally, workedsolutionstoall problemsareavailablein theinstructor’smanual,which
meansthatinstructorscangetwrittencopiesof gorydetailsfor page428justby askingme
for them.


